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C1-DIFFERENTIABLE CONJUGACY OF ANOSOV
DIFFEOMORPHISMS ON THREE DIMENSIONAL TORUS
A. GOGOLEV, M. GUYSINSKY
Dedicated to Yakov Pesin on occasion of his 60th birthday.
Abstract. We consider two C2 Anosov diffeomorphisms in a C1 neighbor-
hood of a linear hyperbolic automorphism of three dimensional torus with real
spectrum. We prove that they are C1+ν conjugate if and only if the differ-
entials of the return maps at corresponding periodic points have the same
eigenvalues.
1. Introduction
Consider an Anosov diffeomorphism f of a compact smooth manifold. Struc-
tural stability asserts that if a diffeomorphism g is C1 close to f then f and g
are topologically conjugate. The conjugacy h is unique in the homotopy class of
identity.
h ◦ f = g ◦ h
It is known that h is Ho¨lder continuous.
There are simple obstructions for h being smooth. Namely, let x be a periodic
point of f , fp(x) = x. Then gp(h(x)) = h(x) and if h were differentiable then
Dfp(x) = (Dh(x))−1Dgp(h(x))Dh(x)
i.e. Dfp(x) and Dgp(h(x)) are conjugate. We see that every periodic point carries
a modulus of C1-differentiable conjugacy.
Suppose that for every periodic point x, fp(x) = x, differentials of return maps
Dfp(x) and Dgp(h(x)) are conjugate then we say that periodic data (p. d.) of f
and g coincide.
Suppose that p. d. coincide, is h differentiable?
A positive answer for Anosov diffeomorphisms of T2 was given in [LMM], [L].
De la Llave [L] observed that the answer is negative for Anosov diffeomorphisms of
T
d, d ≥ 4. He constructed two diffeomorphisms with the same p. d. which are only
Ho¨lder conjugate.
We provide positive answer to the previous question in dimension three under
an extra assumption.
The authors would like to thank A.Katok for suggesting us the problem, numer-
ous discussions and constant encouragement.
2. Formulation of the main result
Let f be an Anosov diffeomorphism of Td. It is known [M] that f is topolog-
ically conjugate to a linear torus automorphism L. It is also known that Anosov
1
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diffeomorphisms of T3 are the only Anosov diffeomorphisms on three dimensional
manifolds [Fr], [N].
Let L be a hyperbolic automorphism of T3 with real eigenvalues. It is easy to
show that absolute values of these eigenvalues are distinct. For the sake of notation
we also assume that the eigenvalues are positive. This is not restrictive.
We will always assume that the Anosov diffeomorphisms that we are dealing
with are at least C2.
Theorem 1. Given L as above there exists a C1-neighborhood U of L such that
any f and g in U having the same p. d. are C1+ν conjugate, ν > 0.
Remark. The constant ν depends on the size of U and provided sufficient smooth-
ness of f and g can be made as close as desired to logλ3/ logλ2 (see the definition
in the next section) by shrinking the size of U .
Remark. We don’t know how to bootstrap regularity of h to the regularity f and
g like it was done in dimension two.
A result about integrability of central distribution [BI] allows to show a stronger
statement.
Theorem 2. Let f and g be Anosov diffeomorphisms of T3 and
h ◦ f = g ◦ h,
where h is a homeomorphism homotopic to identity. Suppose that p. d. coincide.
Also assume that f and g can be viewed as partially hyperbolic diffeomorphisms:
there is an f -invariant splitting TT3 = Esf ⊕ E
wu
f ⊕ E
su
f and constants c > 0,
0 < α < 1 < β˜ < β < γ such that for n > 0
‖D(fn)(x)(v)‖ ≤ cαn‖v‖, v ∈ Esf (x),
1
c
β˜n‖v‖ ≤ ‖D(fn)(x)(v)‖ ≤ cβn‖v‖, v ∈ Ewuf (x),
1
c
γn‖v‖ ≤ ‖D(fn)(x)(v)‖, v ∈ Esuf (x) (1)
Analogous conditions with possibly different set of constants hold for a g-invariant
splitting TT3 = Esg ⊕ E
wu
g ⊕ E
su
g .
Then the conjugacy h is C1+ν , ν > 0.
Remark. Here and further in the paper we assume that the unstable distribution
has dimension two. Obviously one can formulate the counterpart of Theorem 2 in
the case when stable distribution has dimension two.
3. Scheme of the proof
Here we outline the proof of Theorem 1.
Let λ1, λ2 and λ3 be the eigenvalues of the linear automorphism L, 0 < λ1 <
1 < λ2 < λ3. We choose U in such a way that every f ∈ U is partially hyperbolic,
satifying (1) with constants α, β˜, β, γ independent on the choice of f , 0 < λ1 < α <
1 < β˜ < λ2 < β < γ < λ3 and
∡(EσL, E
σ
f ) < k <
pi
2
, σ = s, wu, su. (2)
First we concentrate on a single diffeomorphism f in U . It is well known that
distributions Esf , E
u
f = E
wu
f ⊕ E
su
f and E
su
f integrate uniquely to stable, unstable
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and strong unstable foliationsW sf , W
u
f andW
su
f respectively. We denote byW
σ
f (x)
the leaf of W σf passing through x, σ = s, u, su and later wu. By W
σ
f (x,R) we
denote the local leaf of size R, i. e., a ball of radius R inside of W σf (x) centered at
x, σ = s, u, wu, su. Let hf be conjugacy between f and L, hf ◦ f = L ◦ hf . Stable
and unstable foliations can be characterized topologically, e.g.
W sf (x) = {y : d(f
n(x), fn(y))→ 0 as n→ +∞}.
As a consequence we have that hf (W
s
f ) =W
s
L and hf (W
u
f ) =W
u
L . In other words
hf maps leaves of foliations for f into leaves of corresponding foliations for L.
We prove two simple lemmas.
Lemma 1. Let f be in U . Then the distribution Ewuf integrates uniquely to the
foliation Wwuf .
Lemma 2. Define hf as above. Then hf (W
wu
f ) =W
wu
L .
Now let f and g be as in Theorem 1. For each of them we have the system of one
dimensional invariant foliations. We know that h(W sf ) = W
s
g . Also from Lemma
2 we have h(Wwuf ) = W
wu
g since h = h
−1
g ◦ hf . Consider restrictions of h to the
leaves of W sf and W
wu
f . These restrictions are one dimensional maps. We show
that they are smooth.
Lemma 3. The conjugacy h is C1+ν along W sf .
Which means that h is differentiable along the stable foliation and the derivative
is a Ho¨lder continuous function on T3 with exponent ν
Remark. The general strategy of the proof of Theorem 1 is similar to de la Llave’s
strategy for Anosov diffeomorphisms of T2 [L]. One proves smoothness of h along
one dimensional stable and unstable foliations. In particular proof of Lemma 3 can
be carried out in the same way as in dimension two. The hard part is showing
smoothness of h along two dimensional unstable foliation.
We would like to show the same for the foliation Wwuf but we split the proof
into two steps.
Lemma 4. The conjugacy h is uniformly Lipschitz along Wwuf .
Lemma 5. The conjugacy h is C1+ν along Wwuf .
After that we deal with the remaining foliation.
Lemma 6. h(W suf ) =W
su
g .
Remark. We would like to remark that Lemma 6 requires only the coincidence of
p. d. in the weak unstable direction. It is not true in general that strong unstable
foliations match.
Lemma 7. The conjugacy h is C1+ν along W suf .
Remark. Proofs of smoothness along the foliationsW sf andW
su
f are similar and use
the coincidence of periodic data in corresponding directions. Showing smoothness
along the weak unstable foliation is more subtle.
Now smoothness of h is a simple consequence of a regularity result.
SMOOTH CONJUGACY OF ANOSOV SYSTEMS 4
Regularity Lemma. [J] Let Mj be a manifold and W
s
j , W
u
j be continuous trans-
verse foliations with uniformly smooth leaves, j = 1, 2. Suppose that h :M1 →M2
is a homeomorphism that maps W s1 into W
s
2 and W
u
1 into W
u
2 . Moreover assume
that the restrictions of h to the leaves of these foliations are uniformly Cr+ν , r ∈
N, 0 < ν < 1, then h is Cr+ν .
First we apply the lemma on every unstable leaf of Wuf for the pair of foliations
Wwuf ,W
su
f . After we know that h is C
1+ν along Wuf we finish by applying the
lemma to stable and unstable foliations.
The structure of the next chapter is the following. We prove Lemmas 1 and 2 in
Section 4.1. Section 4.2 is devoted to the proof of Lemma 4. Sections 4.3 and 4.4 are
the heart of our argument and contain proofs of Lemmas 5 and 6 correspondingly.
4. Proof of Theorems 1 and 2
First we prove Theorem 1.
4.1. Weak unstable foliation. In the proofs of Lemmas 1 and 2 we work with
lifts of maps, distributions and foliations to R3. We use the same notation for the
lifts as for the objects themselves.
Denote by d(·, ·) the usual distance in R3 and let dσf (·, ·) be the distance in the
leaves of W σf which is defined only for pairs of points lying in the same leaf of W
σ
f ,
σ = s, u, su, wu.
Proof of Lemma 1. Let us reason by contradiction. If Ewuf is not uniquely inte-
grable then it must branch and we can find points a, b, c ∈ R3 such that
(1) a, b ∈Wuf (c),
(2) there are smooth curves τca, τcb : [0, 1]→W
u
f (c) such that τca(0) = τcb(0) =
c, τca(1) = a, τcb(1) = b, and {τ˙ca, τ˙cb} ⊂ E
wu
f ,
(3) a ∈ W suf (b).
Then for n ≥ 1
d(fn(a), fn(b)) ≤ d(fn(a), fn(c)) + d(fn(c), fn(b)) ≤ c1β
n, (3)
on the other hand
dsuf (f
n(a), fn(b)) ≥ c2γ
n. (4)
For every x ∈ R3 consider a cone Cone(x) = {v ∈ TxR
3 : ∡(v, EsuL (x)) ≤ k}.
The assumption (2) tells us that Esuf (x) ⊂ Cone(x). Hence a leaf of W
su
f can be
considered as a graph of a Lipschitz function over EsuL . The Lipschitz constant
depends only on k. It follows that W suf is quasi-isometric:
∃c3 > 0 such that for x ∈W
su
f (y) d
su
f (x, y) ≤ c3d(x, y). (5)
Inequalities (3), (4) and (5) sum up to a contradiction. 
Proof of Lemma 2. Suppose that there are two points a and b, a ∈ Wwuf (b) such
that hf (a) /∈W
wu
L (hf (b)) then we have
d(fn(a), fn(b)) ≤ c1β
n, (6)
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and since hf (a) and hf (b) lie in the same unstable leaf but not in the same weak
unstable leaf we get
d(hf (f
n(a)), hf (f
n(b))) = d(Ln(hf (a)), L
n(hf (b))) ≥ c2γ
n. (7)
Finally since
hf (x+ m¯) = hf (x) + m¯, m¯ ∈ Z
3 (8)
we have that d(hf (x), hf (y)) ≤ c(ε)d(x, y) for any x and y such that d(x, y) ≥ ε.
Hence
d(hf (f
n(a)), hf (f
n(b))) ≤ c3d(f
n(a), fn(b)), (9)
where c3 depends on d(a, b). Inequalities (6), (7) and (9) sum up to a contradiction.

4.2. Affine structure on the weak unstable foliation. Let f be in U . For any
x and y, y ∈ Wwuf (x) define the function
ρf (x, y) =
∏
n≥1
Dwuf (f
−n(y))
Dwuf (f
−n(x))
where Dwuf (z) = ‖D(f)
∣∣
Ewu
f
(z)‖. The following properties are easy to prove:
(P1) ρf (x, ·) is well defined and Ho¨lder continuous.
(P2) ∀x, y ∈Wwuf (z) ρf (x, y)ρf (y, z) = ρf (x, z).
(P3) ρf (f(x), f(y)) =
Dwuf (y)
Dwu
f
(x)ρf (x, y).
(P4) The function ρ(·, ·) is the only continuous function satisfying ρf (x, x) = 1
and Property 3.
(P5) ∀K > 0 ∃C > 0 such that C > ρf (x, y) >
1
C
whenever dwu(x, y) < K.
The goal is to show that h is differentiable along Wwuf (wu-differentiable) and
ρg(h(x), h(y)) =
Dwuh (y)
Dwuh (x)
ρf (x, y), (10)
Proof of Lemma 4. Fix an arbitrary point p. Let hp : W
wu
f (p) → W
wu
f (h(p)) be
the restriction of h to Wwuf (p). We would like to show that hp is Lipschitz with
a constant that does not depend on p. Let m be the induced volume on Wwuf (p).
Consider the function d˜f
d˜f (x, y) =
y∫
x
1
ρf (x, z)
dm(z), x, y ∈Wwuf (p),
we integrate along the leaf with respect to the measure m.
Function d˜f has the following properties which are simple corollories of the prop-
erties of ρf and the definition of d˜f .
(D1) d˜f (x, y) = d
wu
f (x, y) + o(d
wu
f (x, y)),
(D2) d˜f (f(x), f(y)) = D
wu
f (x)d˜f (x, y),
(D3) ∀K > 0 ∃C > 0 such that
1
C
d˜f (x, y) ≤ d
wu
f (x, y) ≤ Cd˜f (x, y) (11)
whenever dwuf (x, y) < K.
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(D4) The function d˜f is continuous. To state this property precisely we consider
lift of d˜f . We speak about lifts of points and leaves.
∀ε > 0 ∃δ > 0 such that ∀x, y ∈ R3, y ∈ Wwuf (x)
and ∀z, q ∈ R3, q ∈Wwuf (z), z ∈ B(x, δ), q ∈ B(y, δ)
we have |d˜f (x, y)− d˜f (z, q)| < ε.
We will also need d˜g which is defined analogously on the leaves of W
wu
g and has
analogous properties.
The lift of the conjugacy h satisfies the equation (8) which implies the following
∃C > 0 : ∀x, y d(h(x), h(y)) ≤ Cd(x, y) if d(x, y) ≥ 1.
Also we know that weak unstable foliation is quasi-isometric which gives us the
same for the distance in weak unstable foliations
∃C > 0 : ∀x, y dwug (h(x), h(y)) ≤ Cd
wu
f (x, y) if d
wu
f (x, y) ≥ 1. (12)
This tells us that hp is Lipschitz for points that are far enough. So we need to
estimate dwug (h(x), h(y)) for x and y close. Note that (D3) allows us to use d˜g and
d˜f in these estimates instead of d
wu
g and d
wu
f .
Recall the following well-known result.
Livshitz Theorem. If f : M → M is a transitive Anosov diffeomorphism and
ϕ1, ϕ2 :M → R are Ho¨lder continuous functions such that
p∏
i=1
ϕ1(f
i(x)) =
p∏
i=1
ϕ2(f
i(x)) whenever fp(x) = x
then there is a function P : M → R, unique up to a multiplicative constant, such
that
ϕ1
ϕ2
=
P ◦ f
P
.
Moreover P is Ho¨lder continuous.
Apply Livshitz Theorem for ϕ1 = D
wu
f (·) and ϕ2 = D
wu
g (h(·)). The condition
of the Livshitz Theorem is satisfied because of the assumption on p. d. We have
∀n > 0
n−1∏
i=0
Dwug
(
h(f i(x))
)
Dwuf (f
i(x))
=
P (x)
P (fn(x))
. (13)
Choose points x and y close on the leaf Wwuf (p). Choose the smallest N such
that dwuf (f
N (x), fN (y)) ≥ 1. Then
d˜g(h(x), h(y))
d˜f (x, y)
=
N−1∏
i=0
Dwug
(
gi(h(x))
)
Dwuf (f
i(x))
·
d˜g
(
gN (h(x)), gN (h(y))
)
d˜f (fN (x), fN (y))
=
P (x)
P (fN (x))
·
d˜g
(
gN (h(x)), gN (h(y))
)
d˜f (fN (x), fN (y))
≤
P (x)
P (fN(x))
· constant.
Here we used (12) and (D3) for d˜f and d˜g. Function P is bounded away from
zero and infinity so we get that h is uniformly Lipschitz along the weak unstable
foliation. 
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4.3. Transitive point argument and construction of a measure absolutely
continuous with respect to weak unstable foliation. We divide the proof of
Lemma 5 into several steps. The conjugacy h is Lipschitz alongWwuf and hence wu-
differentiable at almost every point with respect to Lebesgue measure on the leaves
of Wwuf . It is obvious that wu-differentiability of h at x implies wu-differentiability
of h at any point from the orbit {f i(x), i ∈ Z}. Moreover:
Step 1. Suppose that h is wu-differentiable at x and {f i(x), i ≥ 0} = T3 then h is
C1+ν along Wwuf and (10).
The problem now is to show existence of such a transitive point x. We know
that almost every point is transitive with respect to a given ergodic measure with
full support. On the other hand h is wu-differentiable at almost every point with
respect to Lebesgue measure on the leaves. Unfortunately it can happen that for
natural ergodic ”physical measures” these two ”full measure” sets do not intersect.
In other words weak unstable foliation is not absolutely continuous with respect to
a ”physical measure”.
Let us explain this phenomenon in more detail. Consider a volume preserving
C1 small perturbation L˜ of L, H ◦ L = L˜ ◦H . The Lyapunov exponents of L˜ are
defined on a full volume set of regular points R and are given by the formula
χσ =
∫
T3
logDσ
L˜
dvol, σ = s, wu, su.
The perturbation L˜ can be chosen in such a way that χwu > logλ2 (see [BB],
Proposition 0.3). It is easy to show that the weak unstable foliation of L˜ is not ab-
solutely continuous. Namely, let ∆ be a segment of a weak unstable leaf of L. Then
by Lemma 2 H(∆) is a piece of a weak unstable leaf of L˜. We show that Lebesgue
measure of R ∩ H(∆) is equal to zero. For any n ≥ 0 H(Ln(∆)) = L˜n(H(∆))
and (2) guarantees that L˜n(H(∆)) can be viewed as a graph of a Lipschitz function
over a leaf of the weak unstable foliation of L. Hence
length(L˜n(H(∆)) ≤ c1 · length(L
n(∆)) = λn2 · length(∆), n ≥ 0.
Suppose that Leb(R∩H(∆)) > 0 then
length(L˜n(H(∆)) ≥ c2e
n(χwu−ε), ε =
1
2
(χwu − logλ2)
which contradicts the previous inequality.
This observation answers a question of Hirayama and Pesin [HP] about existence
of non-absolutely continuous foliations with non-compact leaves.
To overcome this problem we do
Step 2. Construction of a measure µ absolutely continuous with respect to Wwuf .
This construction follows the lines of Pesin-Sinai [PS] construction of u-Gibbs
measures. In our setup the construction is simpler so for the sake of completeness we
present it here. Measure µ has full support. Thus ergodicity of µ would imply that
almost every point is transitive and hence by Step 1 h would be wu-differentiable.
We do not know how to show ergodicity of µ. Instead we do
Step 3. Set of transitive points is a full measure µ set.
Steps 2 and 3 guarantee existence of a transitive point needed in Step 1.
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Proof of Lemma 5.
Step 1. Let us pick a point y ∈ T3 and show that h is wu-differentiable at y and
moreover
Dwuh (y) =
P (y)
P (x)
Dwuh (x) (14)
where P is the same as in the proof of Lemma 4.
Choose y′ ∈ Wwuf (y). Property (D1) of d˜f , d˜g ensures that it is enough to show
that
d˜g(h(y), h(y
′))
d˜f (y, y′)
=
P (y)
P (x)
Dwuh (x). (15)
Fix an ε > 0 small compared to d˜f (y, y
′). Choose a small open ball B centered
at y and define
B′ = {z′ : ∃z ∈ B such that d˜f (z, z
′) = d˜f (y, y
′)
and (z, z′) has the same orientation as (y, y′)}.
The condition about orientation ensures that B′ has only one connected component.
The set B′ is a small neighborhood of y′ because of the continuity of d˜f (D4). The
size of B must be chosen in such a way that
(1) |P (z)− P (y)| < ε if z ∈ B,
(2) |d˜g(h(z), h(z
′)) − d˜g(h(y), h(y
′))| < ε where z and z′ are the same as in
definition of B′.
Since x is transitive there is an arbitrarily large N such that fN(x) ∈ B. Choose
z on Wwuf (x) such that d˜f (f
N (x), fN (z)) = d˜f (y, y
′) so that fN(z) ∈ B′ by the
definition. We choose N big enough so that∣∣∣∣∣ d˜g(h(x), h(z))d˜f (x, z) −Dwuh (x)
∣∣∣∣∣ < ε.
y
fN(x)
y′
fN(z)
h(y)
gN(h(x))
h(y′)
gN(h(z))
h
B
B′
Figure 1. Differentiability of h at the point y.
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Now we are ready to do the estimates
d˜g(h(y), h(y
′)) = ε1 + d˜g
(
h(fN (x)), h(fN (z))
)
= ε1 + d˜g
(
gN (h(x)), gN (h(z))
)
= ε1 +
∏N−1
i=0
Dwug
(
gi(h(x))
)
· d˜g (h(x), h(z))
= ε1 +
∏N−1
i=0
Dwug
(
h(f i(x))
)
(Dwuh (x) + ε2)d˜f (x, z)
= ε1 +
∏N−1
i=0 D
wu
g
(
h(f i(x))
)
∏N−1
i=0 D
wu
f (f
i(x))
(Dwuh (x) + ε2)d˜f (f
N (x), fN (z))
= ε1 +
P (fN (x))
P (x)
(Dwuh (x) + ε2)d˜f (y, y
′)
= ε1 +
P (y) + ε3
P (x)
(Dwuh (x) + ε2)d˜f (y, y
′)
with max(|ε1|, |ε2|, |ε3|) ≤ ε. Now letting ε go to 0 we get (15).
To show (10) define
ρ˜g(h(x), h(y)) =
Dwuh (y)
Dwuh (x)
ρf (x, y).
Then
ρ˜g (g(h(x)), g(h(y))) = ρ˜g (h(f(x)), h(f(y)))
=
Dwuh (f(y))
Dwuh (f(x))
ρf (f(x), f(y)) =
Dwuh (f(y))
Dwuh (f(x))
·
Dwuf (y)
Dwuf (x)
ρf (x, y)
=
Dwuh◦f (y)
Dwuh◦f (x)
ρf (x, y) =
Dwug◦h(y)
Dwug◦h(x)
ρf (x, y) =
Dwug (h(y))
Dwug (h(x))
·
Dwuh (y)
Dwuh (x)
ρf (x, y) =
Dwug (h(y))
Dwug (h(x))
ρ˜g(h(x), h(y)).
This by (P4) implies that ρ˜g = ρg which is equivalent to (10).
Step 2. Let x0 be a fixed point for f and let V0 be an open bounded neighbor-
hood of x0 in W
wu
f (x0). Consider a probability measure η
0 supported on V0 with
density proportional to ρf (x0, ·). For n > 0 define
Vn = f
n(V0), η
n = (fn)∗η
0
so that ηn is supported on Vn and has density proportional to ρf (x0, ·) by (P3).
Let µn = 1
n
∑n−1
i=0 η
i. By the Krylov-Bogoljubov theorem {µn;n ≥ 0} is weakly
compact and any of its limits is f -invariant. Let µ be a one of those limits along a
subsequence {nk; k ≥ 1}. We would like to prove that µ has absolutely continuous
conditional measures on the pieces of weak unstable foliation.
Let us be more precise. Consider a small open set X ⊂ T3 which can be decom-
posed in the following way
X =
⋃
y∈Y
Wwuf (y,Ry).
SMOOTH CONJUGACY OF ANOSOV SYSTEMS 10
Here Y is a two dimensional transversal. To simplify the notation let W (y) =
Wwuf (y,Ry). Denote by µT the transverse measure on Y : for Y
′ ⊂ Y µT (Y
′) =
µ(∪y∈Y ′W (y)). Similary define η
n
T and µ
n
T . Obviously µ
nk
T → µT weakly as k →∞.
We show that for µT almost every y, y ∈ Y the conditional measure µy on the local
leaf W (y) is absolutely continuous with respect to Lebesgue measure my on W (y).
The conditional measures are characterized by the following property
∀F ∈ C(X)
∫
X
Fdµ =
∫
Y
dµT (y)
∫
W (y)
F (y, z)dµy(z). (16)
First we look at conditional measures of ηn. We fix X and Y as above and we
assume that the end points of Vn lie outside of X . Let {a1, a2, . . . am} = Y ∩ Vn.
Then the formulas for the transverse measure and conditional measures are obvious:
ηnT =
m∑
i=1
(∫
W (ai)
ρf (x0, z)dmai(z)
)
δ(ai),
dηny (z) =
(∫
W (y)
ρf (y, z)dmy(z)
)−1
ρf (y, z)dmy(z). (17)
Notice that ηny actually do not depend on n.
The goal now is to show that dµy =
(∫
W (y) ρf (y, z)dmy(z)
)−1
ρf (y, ·) for almost
every y. It could happen that the end points of Vn lie inside of X . Support Sn of η
n
T
consists of finitely many points. Some of these points correspond to the end points
of Vn. Denote the set of these points by Bn, |Bn| ∈ {0, 1, 2}. Let An = Sn\Bn then
there is a natural decomposition of the transverse measure ηnT
b
a1
a2
a3
X
Y
Vn
Figure 2. Decomposition of the transverse measure νnT .
ηnT =
∑
a∈An
(∫
W (a)
ρ(x0, z)dma(z)
)
δ(a)
+
∑
b∈Bn
(∫
W (b)∩Vn
ρ(x0, z)dmb(z)
)
δ(b) = ηn(T,A) + η
n
(T,B).
SMOOTH CONJUGACY OF ANOSOV SYSTEMS 11
The conditional measures ηny for y /∈ Bn are given by formula (17). Since W
wu
f is
uniformly expanding it is clear that ηnT (Bn)→ 0 as n→∞. Hence
1
n
(
n−1∑
i=0
ηiT (Bi)
)
→ 0, n→∞ (18)
and
µT = lim
k→∞
µnkT = lim
k→∞
1
nk
nk−1∑
i=0
ηi(T,A). (19)
Consider a continuous function F on X .
∫
X
Fdµ = lim
k→∞
∫
X
Fdµnk = lim
k→∞
1
nk
nk−1∑
i=0
∫
X
Fdηnk
= lim
k→∞
1
nk
nk−1∑
i=0
∫
Y
dηnkT (y)
∫
W (y)
F (y, z)dηnkk (z)
= lim
k→∞
1
nk
nk−1∑
i=0
∫
Y
dηnk(T,A)(y)
∫
W (y)
F (y, z)dηnky (z)
+ lim
k→∞
1
nk
nk−1∑
i=0
∫
Y
dηnk(T,B)(y)
∫
W (y)
F (y, z)dηnky (z).
The function F is bounded so it follows from (18) that the last limit is zero. So we
get
∫
X
Fdµ = lim
k→∞
1
nk
nk−1∑
i=0
∫
Y
dηnk(T,A)(y)
∫
W (y)
F (y, z)dηnky (z)
= lim
k→∞
1
nk
nk−1∑
i=0
∫
Y
dηnk(T,A)(y)
(∫
W (y)
ρf (y, z)dmy(z)
)−1 ∫
W (y)
F (y, z)ρf(y, z)dmy(z).
Now notice that the function that we integrate with respect to ηnk(T,A) is continuous
and does not depend on nk. Hence using (19) we get
∫
X
Fdµ = lim
k→∞
∫
Y
dµnkT (y)
(∫
W (y)
ρf (y, z)dmy(z)
)−1 ∫
W (y)
F (y, z)ρf (y, z)dmy(z)
=
∫
Y
dµT (y)
(∫
W (y)
ρf (y, z)dmy(z)
)−1 ∫
W (y)
F (y, z)ρf(y, z)dmy(z)
and by (16) we see that up to normalization the density of the conditional measure
on W (y) is equal to ρf (y, ·) for µT a. e. y.
The leaf Wwuf (x0) is dense in T
3 since Wwuf (x0) = h
−1
f
(
WwuL (h
−1
f (x0))
)
and
WwuL (h
−1
f (x0)) is a dense irrational line in T
3. Hence the support µ is the whole
torus.
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Step 3. To prove that µ a. e. point is transitive we fix a ball in T3 and show
that a. e. point visits the ball infinitely many times. Then to conclude transitivity
we only need to cover T3 by a countable collection of balls such that every point is
contained in an arbitrarily small ball.
So let us fix a ball B′ and a slightly smaller ball B, B ⊂ B′. Let ψ be a non-
negative continuous function supported on B′ and equal to 1 on B. By Birkhoff
ergodic theorem
E(ψ|I) = lim
n→∞
1
n
n−1∑
i=0
ψ ◦ f i (20)
where I is σ-algebra of f -invariant sets.
Let A = {x : E(ψ|I)(x) = 0}. Then µ(A∩B) = 0 since
∫
A
ψdµ =
∫
A
E(ψ|I)dµ =
0. Hence
E(ψ|I)(x) > 0 for µ a.e. x ∈ B.
Since hf (W
wu
f ) =W
wu
L it is possible to find R > 0 such that ∪b∈BW (b, R) = T
3.
Remark. This observation also implies that µ has full support.
Applying the standard Hopf argument we get that for µ a. e. x the function
E(ψ|I) is constant on W (x,R). Now absolute continuity of Wwuf together with
above observations shows that E(ψ|I) > 0 for µ a. e. x which means according
to (20) that a. e. x visits B′ infinitely many times. 
4.4. Strong unstable foliations match. Let us point out once again that in
the proof of Lemma 6 we only use wu-differentiability of h which as we showed is
equivalent to coincidence of p. d. in the weak unstable direction.
Proof of Lemma 6. We will be working on two dimensional leaves ofWuf . We know
that each of these leaves is subfoliated by Wwuf as well as by W
su
f . The goal is to
prove that h(W suf ) =W
su
g so we consider the foliation U = h
−1(W sug ). As for usual
foliations U(x) stands for the leaf of U passing through x and U(x,R) stands for
the local leaf of size R. Obviously U subfoliate Wuf . A priori the leaves of U are
just Ho¨lder continuous curves. Since weak unstable foliations match we see that a
leaf U(x) intersects each Wwuf (y), y ∈W
u
f (x) exactly once.
Let us prove several auxiliary claims.
Claim 1. Consider a point a ∈ T3. Suppose that there is a point b 6= a, b ∈
W suf (a) ∩ U(a). Let c ∈ W
wu
f (a) and d = W
wu
f (b) ∩W
su
f (c), e = W
wu
f (b) ∩ U(c).
Then d = e.
Assume that d 6= e. For the sake of concreteness we also assume that d lies
between b and e. We look at configurations {a, b, c, d, e} ∈ Wuf (a), {h(a), h(b),
h(c),h(d),h(e)} ∈Wug (h(a)) and study their evolution under f
−n, n > 0 and g−n, n >
0 respectively. Since under the action of f−1 strong unstable leaves contract expo-
nentially faster then weak unstable leaves we get that
∀ε > 0 ∃n0 : ∀n > n0
∣∣∣∣∣d
wu
f (f
−n(a), f−n(c))
dwuf (f
−n(b), f−n(d))
− 1
∣∣∣∣∣ < ε. (21)
Analogously
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a
b e
W uf (a) W
u
g (h(a))
h(b)
h(a)
f−n(a) f
−n(c)
f−n(b) f
−n(d)
W uf (f
−n(a))
f−n(e)
W ug (g
−n(h(a)))
g−n(h(a)) g−n(h(c))
g−n(h(b))
g−n(h(d))
g−n(h(e))
h
h
f−n g−n
h(e)
h(c)
h(d)
c
d
Figure 3. Illustration to the proof of the Claim 1. Notice that
the actual size of the bottom pictures should be much smaller.
∀ε > 0 ∃n1 : ∀n > n1
∣∣∣∣dwug (g−n(h(a)), g−n(h(c)))dwug (g−n(h(b)), g−n(h(e))) − 1
∣∣∣∣ < ε. (22)
The next statement is a direct corollary of (D1) and (D2). There exists a δ > 0
which depends on the initial configuration {a, b, c, d, e} such that
∀n > 0
dwuf (f
−n(b), f−n(e))
dwuf (f
−n(b), f−n(d))
> 1 + δ. (23)
Combining (21) and (23) we get
∃δ′ > 0 : ∀n > n0
dwuf (f
−n(b), f−n(e))
dwuf (f
−n(a), f−n(c))
> 1 + δ′. (24)
On the other hand we know that h is continuously wu-differentiable, hence
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∀ε > 0 ∃n2 : ∀n > n2
∣∣∣∣∣d
wu
g (g
−n(h(a)), g−n(h(c)))
dwuf (f
−n(a), f−n(c))
−Dwuh (f
−n(a))
∣∣∣∣∣ < ε
and
∣∣∣∣∣d
wu
g (g
−n(h(b)), g−n(h(e)))
dwuf (f
−n(b), f−n(e))
−Dwuh (f
−n(a))
∣∣∣∣∣ < ε. (25)
It is easy to see that (24) contradicts (25) and (22) so we are done.
Claim 2. Consider a weak unstable leaf Wwuf (a) and b ∈ W
su
f (a), b 6= a. For any
y ∈ Wwuf (a) let y
′ = Wwuf (b) ∩W
su
f (y). Then ∃c1, c2 > 0 such that ∀y ∈ W
wu
f (a)
c1 > d
su
f (y, y
′) > c2.
Recall that hf (W
wu
f ) = W
wu
L . The leaves W
wu
L (hf (a)) and W
wu
L (hf (b)) are
parallel lines in WuL(hf (a)) that are fixed distance apart. Hence the estimate from
below is a direct consequence of uniform continuity of hf |Wu
f
(a) with respect to
metrics duf and d
u
L.
Now we prove the estimate from above. We need to show that the strip be-
tweenWwuf (a) andW
wu
f (b) cannot contain arbitrarily long pieces of strong unstable
leaves. The reason for this is uniform transversality of weak unstable and strong
unstable foliation.
For any positive number ε we can choose a finite number of points {a0 =
a, a1, a2, . . . am = b} between a and b on W
su
f (a) in such a way that W
wu
f (ai) is
contained in ε-neighborhood of Wwuf (ai−1) and vice versa, i = 1, . . .m. Again this
is possible because WwuL (hf (ai)), i = 0, . . .m are parallel lines and h
−1
f |WuL (hf (a)) is
uniformly continuous.
Let s = minx∈T3 ∡(E
wu
f (x), E
su
f (x)). Choose a small δ > 0 such that in any ball
B of size δ
max
x,y∈B
max{∡(Ewuf (x), E
wu
f (y)),∡(E
su
f (x), E
su
f (y))} <
s
10
.
In such a ball the direction of Ewuf is almost constant comparing to the angle
between Ewuf and E
su
f . Clearly it is possible to choose a small ε = ε(s, δ) and
correspondingly the points {a0, a1, . . . am} as above such that any strong unstable
leave crosses the strip between Wwuf (ai−1) and W
wu
f (ai) in a ball of size δ, i =
1, . . .m. This gives us uniform estimates on the lengths of pieces of strong unstable
leaves in the strips between Wwuf (ai−1) and W
wu
f (ai), i = 1,m. The sum of these
estimates gives us the desired uniform estimate from above.
Claim 3. Suppose ∃a ∈ T3 and R > 0 such that W suf (a,R) = U(a,R) then W
su
f =
U .
Consider a point c ∈ Wwuf (a) then applying Claim 1 to the points b ∈ W
su
f (a,R)
we get that ∃Rc > 0 such that W
su
f (c, Rc) = U(c, Rc). Moreover by Claim 2 num-
bers Rc, c ∈ W
wu
f (a) are uniformly bounded away from zero. Now the statement
follows from denseness of Wwuf (a) in T
3.
We are ready to prove the lemma.
We say that W suf (x) and U(x) intersect transversally at y if y ∈W
su
f (x) ∩ U(x)
and ∀R > 0 the local leaf U(y,R) lies on both sides of W suf (y).
We consider two cases.
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Case 1. At every periodic point x0 the leavesW
su
f (x0) and U(x0) do not intersect
transversally at a point different from x0.
Notice that the property of having a transverse intersection is stable — ifW suf (x)
and U(x) intersect transversally then there is a neighborhood V of x such that
∀z ∈ V W suf (z) and U(z) intersect transversally. Periodic points are dense therefore
absence of transverse intersections at periodic points leads to absence of transverse
intersections at all points.
We assume that W suf 6= U . Then the above observation together with Claim 3
tell us that for any point x the leaves W suf (x) and U(x) intersect only at x. Let
W suf (x0)
x0
m0
y0
z0
x1
z1
x2
z2
x3
U(x0)
y1
y2
m1
m2
Wwuf (x0)
Figure 4. The ladder of rectangles.
x0 to be a fixed point of f . For each y ∈ U(x0) the leaf W
su
f (y) intersects U(x0)
only at y. Thus we are able to build a ladder of rectangles in Wuf (x0) as shown on
the Figure 4. The sides of the rectangles are pieces of weak unstable and strong
unstable leaves. The rectangles are subject to condition
dsuf (xi, yi) = 1, i ≥ 0.
This guarantees that after the choice of y0 (there are two choices) the sequence of
rectangles is defined uniquely. Let di = d
wu
f (yi, xi+1), i ≥ 0 and let {mi; i ≥ 0} be
midpoints on the sides of rectangles as shown on the picture.
Suppose that infi≥0 di > 0. Apply f
−n, n > 0 to the ladder of rectangles. The
leaf U(x0) is invariant while the rectangles shrink and become flat as shown on
Figure 5. Namely
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∀ε > 0 ∃n0 : ∀n > n0 and ∀i ≥ 0
dsuf (f
−n(xi), f
−n(yi))
dwuf (f
−n(yi), f−n(xi+1))
< ε.
W suf (x0)
x0
Wwuf (x0)
z0
f−n(y0)
f−n(z0)
U(x0)
Figure 5. Ladder of rectangles after several iterations.
This means that in any fixed bounded neighborhood of x0 the leaf U(x0) is
arbitrarily close to Wwuf (x0). In particular we have that x1 is arbitrarily close to
z0 while we know that they are some fixed distance apart. To make this argument
completely rigorous one needs to carry out an estimate on the distance between
z0 and x1 using regularity of holonomies along W
wu
f and W
su
f inside of the leaf
Wuf (x0). We conclude that infi≥0 di = 0.
Then choose a subsequence {mnk ; k ≥ 0} such that corresponding rectangles have
width going to zero as k tend to infinity. Each of these rectangles contains a piece of
U(x0) inside of it. Let m be an accumulation point of {mnk ; k ≥ 0} considered as a
sequence of points in T3 rather than on Wuf (x0). Since the width of the rectangles
is shrinking and the foliations are continuous we get that W suf (m,
1
2 ) = U(m,
1
2 ).
Hence W suf = U by Claim 3 and we move on to the second case.
Case 2. There exist a periodic point x0 and a point y0, y0 6= x0 such that
W suf (x0) and U(x0) intersect at y0 transversally.
Without loss of generality we can assume that x0 is a fixed point. We chose a
sequence {xi ∈W
wu
f (x0); i ≥ 1} such that xi → y0, i→∞. Here and afterwards we
speak about convergence on the torus, not in the leafWuf (x0). By Claim 1 we know
that for any i the leavesWwuf (y0), W
su
f (xi) and U(xi) intersect at one point zi. Up
to the choice of a subsequence we have that zi → y1, i→∞, where y1 is some point
onW suf (y0). Since the foliation U is continuous we have that y1 ∈ U(y0) = U(x0) as
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well. The strong unstable foliation is orientable and the pairs (x0, y0), (xi, zi), i ≥ 1
have the same orientation i. e. y0 lies between x0 and y1. Now we would like to
x0 x1 x2
x3
z3
z2
z1
y0
y1
Wwuf (x0)
W uf (x0)
W suf (x0)
Figure 6. Curves U(xi) that pass through xi and zi are the preim-
ages of the strong unstable manifolds. The leaf Wuf (x0) is im-
mersed into T3. In T3 curves U(xi) converge to the curve U(y0)
(dashed curve in the picture). Hence U(x0) intersects W
su
f (x0) at
y1 with d
su
f (x0, y0) ≈ d
su
f (y0, y1).
repeat the procedure. Consider another sequence {x˜i ∈ W
wu
f (x0); i ≥ 1}, x˜i → y1
as i → ∞ and corresponding sequence {z˜i ∈ W
wu
f (y0); i ≥ 1}. Then z˜i → y2 as
i → ∞, y2 ∈ W
su
f (x0) ∩ U(x0). In this way by induction we obtain a sequence
of points {yi ∈ W
su
f (x0) ∩ U(x0); i ≥ 1}. These points are ordered on W
su
f (x0)
— for any positive i point yi−1 lies between x0 and yi. By Claim 2 we know
that there are constants c1 and c2 which depend only on the initial choice of x0
and y0 such that ∀i ≥ 0 c1 > d
su
f (yi, yi+1) > c2. This guarantees that the set
{f−n(yi);n ≥ 0, i ≥ 0} ⊂ W
su
f (x0) ∩ U(x0) is dense and hence applying Claim 3
one more time we get that W suf = U . 
4.5. Final remarks. We did not discuss the proofs of Lemmas 3 and 7. They can
be carried out in the same way as the proof of Lemma 5. The technical difficulty
with constructing special measure is not present. One can use SRBmeasures instead
(as a matter of fact the construction in Step 2 applied toW sf and W
su
f will produce
SRB measures).
Notice that we used the assumption that f, g ∈ U only to prove Lemmas 1 and
2. So for Theorem 2 we only need to reprove these two lemmas in the new setting.
We use a result from [BI] that states the following.
Theorem. Let f be a partially hyperbolic diffeomorphism of T3. Then the lifts of
stable and unstable foliations are quasi-isometric and the hence the central distri-
bution is uniquely integrable.
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Thus Lemma 1 is automatic. Proof of Lemma 2 go through with minor differences
since we know that W suf is quasi-isometric.
The bootstrap of regularity of h to the regularity of f and g cannot be done
straightforwardly. The reason is the lack of smoothness of weak unstable foliation.
Let N = [log λ3/ logλ2]. It is known [LW] that given f sufficiently C
1-close to L the
individual leaves of weak unstable foliation are CN immersed curves. In general the
the leaves of weak untable foliation cannot be more than CN smooth. An example
was constructed in [JPL]. Hence our method cannot lead to smoothness higher
than CN .
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